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Dynamic Array-of-Subarrays Architecture for
Wideband Multi-Antenna Systems
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Abstract—Recently, wideband beamforming realized by ex-
tremely large-scale antenna array (ELAA) systems have garnered
significant interest as a means to dramatically improve through-
put of next generation (xG) networks. However, traditional phase
shifter (PS)-based beamforming schemes might not work well in
wideband ELAA systems due to the beam squint effect, where
beams at different frequencies become misaligned. While the use
of true time delay (TTD) can mitigate the beam squint effect by
generating frequency-dependent beamforming vectors, the conven-
tional TTD-based beamforming schemes suffer from significant
array gain loss caused by the discrepancies between the desired
directional beams and the generated beams. This beam misalign-
ment issue becomes even more pronounced in the wideband ELAA
systems due to the nonlinear near-field characteristics described
by the spherical wave propagation. In this paper, we propose a
wideband dynamic array-of-subarrays (WDAoSA) architecture
that dynamically configures connections between TTDs and PS
subarrays using a switch network. By optimizing the subarray
connections as well as the TTD time delays and PS phase shifts,
WDAoSA can effectively maximize the array gain of wideband
ELAA systems. Numerical results demonstrate that WDAoSA
achieves significant improvements in terms of array gain and
spectral efficiency over the conventional TTD-based beamforming
schemes.

Index Terms—Wideband, beamforming, extremely large-scale
antenna array, near-field, array-of-subarrays.

I. INTRODUCTION

W IDEBAND communications utilizing ELAA systems
are key technologies of xG networks to support data-

intensive applications such as digital twin, metaverse, and high-
fidelity holograms [1], [2], [3], [4], [5], [6], [7]. Despite the
extensive spectrum resources in millimeter-wave (mmWave)
frequency range 2 (FR2) band (24-71GHz) and sub-terahertz
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(THz) band (90-300GHz), these high-frequency band signals
suffer from significant attenuation caused by propagation loss,
molecular absorption, and atmospheric attenuation [8], [9]. To
compensate for the severe path loss, beamforming operation
implemented by multi-antenna systems is essential [10], [11],
[12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23].
The main purpose of beamforming is to adjust the phase and
amplitude of the transmit signal at each antenna so that the power
of the signal received at user equipment (UE) is maximized.
To do so, the beamforming vector should be properly aligned
with the array steering vectors (set of phase delays for antenna
elements) of the signal propagation paths [24], [25], [26], [27].
Traditionally, to adjust the phases of transmit signals, PSs that
produce phase shifts invariant to the subcarrier frequency have
been used extensively. The frequency-invariant beamforming
techniques relying on PSs have been effective in conventional
systems where the differences between subcarrier and carrier
frequencies are negligible compared to the carrier frequency.
However, they might not perform well in the wideband systems
where the differences between the subcarrier and carrier frequen-
cies are no longer negligible. Specifically, in the wideband sys-
tems, the array steering vectors are different for each subcarrier,
meaning that the optimal beamforming vectors are dependent
on the subcarrier frequencies [28], [29]. Due to this so-called
beam squint effect, the conventional PS-based beamforming
techniques suffer from severe degradation of array gain in the
wideband ELAA systems.

To address the beam squint effect, frequency-dependent
beamforming techniques that generate unique beamforming
vectors for each subcarrier frequency are needed. The key com-
ponent of the frequency-dependent beamforming is the TTD, a
unit comprising multiple switched delay lines [30]. By choos-
ing the delay line for the propagation of radio-frequency (RF)
signals, a phase shift proportional to the product of the time
delay and the signal frequency is induced to the incident RF
signals. Recently, various TTD-based beamforming techniques
have been proposed [31], [32], [33], [34], [35], [36], [37], [38].
In [31], a fully-connected TTD network employing TTDs equal
to the number of transmit antennas has been proposed. While
the TTD-based beamforming holds the potential to maximize
the throughput, the use of micro-electromechanical systems
(MEMS) based on expensive semiconductor lithographic pro-
cesses for switching the delay lines in TTD results in high
implementation costs [30]. To reduce hardware complexity and
implementation cost of TTDs, in [32], [33], partially-connected
hybrid networks with one TTD connected to multiple PSs have
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been proposed. In [34], [35], TTD-based hybrid precoding tech-
niques have been proposed. In [36], [37], wideband beamform-
ing techniques for near-field systems have been proposed. Also,
in [38], a dynamic subarray architecture with fixed time delays
has been proposed.

While the conventional TTD-based beamforming techniques
are effective to some extent, they may not perform well when
the number of TTDs is relatively small compared to the number
of antennas [33]. In such cases, these schemes fail to focus
the directions of subcarrier beams on the UE, resulting in sig-
nificant array gain degradation at the UE direction. Moreover,
since the connections between the TTDs and the PS subarrays
are fixed, a mismatch between the desired ultra-sharp pencil
beams and the generated beams is unavoidable in the conven-
tional TTD-based beamforming techniques. One exception is
the dynamic subarray structure in [38], but in this scheme,
the time delays of TTDs are fixed and not properly adjusted
according to the wireless environments. The mismatch between
the optimal beams and the generated beams of conventional
TTD-based beamforming is even more serious in the wideband
ELAA systems due to the near-field characteristics described
by the nonlinear spherical wave propagation. The fundamental
questions related to the wideband beamforming are: 1) how to
configure the connections between TTDs and PS subarrays to
maximize the array gain; and 2) how to control the time delays of
TTDs and the phase shifts of PSs to maximize the throughput.
The answers to these questions will lead to throughput maxi-
mization of the wideband ELAA systems via ultra-sharp pencil
beamforming.

The primary purpose of this paper is to propose a new
TTD-based beamforming architecture maximizing the array
gain of wideband ELAA systems. The key ideas of the pro-
posed scheme, henceforth referred to as wideband dynamic
array-of-subarrays (WDAoSA), are twofold. First, WDAoSA
dynamically configures the connections between TTDs and PS
subarrays using a switch network. By properly choosing the
TTDs to be connected to each PS subarray based on the wireless
propagation environments, one can effectively bridge the gap
between the desired ultra-sharp pencil beamforming vectors
and the generated frequency-dependent beamforming vectors.
Second, WDAoSA jointly optimizes the TTD time delays and
the PS phase shifts. While the conventional TTD-based beam-
forming schemes design the beamforming vectors in forms of
simple array steering vectors and thus, the degradation of array
gain is unavoidable, such is not the case for WDAoSA since we
deliberately optimize the TTD time delays and PS phase shifts
to maximize the array gain.

The key contributions of this paper are as follows:
� we propose a wideband beamforming architecture where

the connections between the TTDs and PS subarrays are
dynamically adjusted to maximize the array gain;

� we develop both the centralized and distributed beamform-
ing optimization algorithms for dynamic subarray connec-
tion and time delay and phase shift control; and

� we demonstrate from the extensive simulations that
WDAoSA significantly improves the array gain over the
conventional wideband beamforming schemes.

The rest of this paper is organized as follows. Section II
discusses the wideband ELAA systems and reviews the con-
ventional TTD-based beamforming schemes. Sections III and
IV explain the network architecture of WDAoSA and propose
the dynamic subarray connection and time delay/phase shift
control algorithms. Section V analyzes the computational com-
plexity of WDAoSA. Section VI presents the numerical results.
Section VII concludes the paper.

Notation: Random variables are displayed in sans serif, up-
right fonts; their realizations in serif, italic fonts. Vectors and
matrices are denoted by bold lowercase and uppercase letters,
respectively. For example, a random variable and its realization
are denoted by x and x for scalars, x andx for vectors, andX and
X for matrices. Sets and random sets are denoted by upright sans
serif and calligraphic font, respectively. For example, a random
set and its realization are denoted by X and X , respectively.
The m-by-n matrix of zeros is denoted by 0m×n; when n = 1,
the m-dimensional vector of zeros is simply denoted by 0m.
The m-by-m identity matrix is denoted by Im. The operator
‖x‖2 denotes the Euclidean norm. The operations ⊗ and �
denote the Kronecker product and element-wise product, respec-
tively. The transpose, conjugate, and conjugate transpose of X
are denoted by (·)T, (·)∗, and (·)H, respectively. The real and
imaginary parts of a complex number are denoted by �{·} and
�{·}, respectively. The notations diag(x) and x(p) represent a
diagonal matrix with the arguments being its diagonal elements
and a vector with the pth power of arguments being its elements,
respectively. The notation en is a unit vector whose nth element
is 1 and all other elements are 0. The notation supp(x) denotes a
vector of indices corresponding to the nonzero entries of x. The
nth element ofx is denoted by [x]n. The notationXπ represents
a matrix whose ith column is the π(i)th column ofX .

II. WIDEBAND ELAA SYSTEMS

In this section, we explain wideband ELAA systems and
spatial-wideband and beam squint effects. We then review con-
ventional TTD-based beamforming schemes.

A. Downlink Wideband ELAA System Model

We consider a downlink wideband ELAA system where a base
station (BS) equipped with N = Nh ×Nv uniform rectangular
array (URA) antennas serves a single-antenna UE. We assume
that both the BS and UE have isotropic antenna arrays. The
BS and UE are located at pbs ∈ R

3 and pue ∈ R
3, respectively.

Also, the nth BS antenna is located at pbsn ∈ R
3.1 We also con-

sider an orthogonal frequency-division multiplexing (OFDM)
system with the carrier frequency fc, number of subcarriers S,
and system bandwidth B. The BS is equipped with an analog
beamforming architecture consisting of a single RF chain, T
TTDs, and N PSs. The sets of indices for subcarrier, TTD, and
PS are denoted as S � {1, 2, . . . , S}, T � {1, 2, . . . , T}, and
N � {1, 2, . . . , N}, respectively. The received signal ys ∈ C

1Note that the BS antenna located at thexth row and yth column of the antenna
array is referred to as the nth BS antenna where n = (x− 1)Nv + y.
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of UE at the sth subcarrier is given by

ys =
√
Ptxh

H
s wsxs + ns (1)

where Ptx is the transmit power per subcarrier, hs ∈ C
N is the

downlink channel vector,ws ∈ C
N is the analog beamforming

vector such that |[ws]n| = 1 for all n ∈ N , xs ∼ CN (0, 1) is
the data symbol, and ns ∼ CN (0, σ2) is the additive Gaussian
noise. Then the spectral efficiency R of the UE is given by

R =
1

S

S∑
s=1

log2

(
1 +

Ptx

σ2

∣∣hHs ws

∣∣2) . (2)

In the wideband ELAA systems, due to the severe path loss and
strong directivity of high-frequency band signals (e.g., mmWave
FR2 and sub-THz bands), the signal power is concentrated on a
few dominant paths [26]. Moreover, due to the extremely large
number of antennas, the communication typically takes place in
the near-field region where the signal wavefronts are modeled
as spherical waves, rather than planar waves.2 Based on these
properties, we use the frequency-selective near-field channel
model where the downlink channel frequency response (CFR)
hn(f) ∈ C from the nth BS antenna to the UE can be obtained
as

hn(f) =
√
β(f) e2π(fc+f)τ

los
n

+

Np−1∑
i=1

√
β(f)αi(f) e

−2π(fc+f)τn,i (3)

where Np is the number of propagation paths, and τ losn =
‖pue−pbs

n ‖2
c and τn,i =

‖pue−psca
i ‖2

c +
‖psca

i −pbs
n ‖2

c are the time
delays of the nth BS antenna for the line-of-sight (LoS)
path and the ith non-line-of-sight (NLoS) path, respec-
tively. Here, pscai ∈ R

3 is the position vector of the ith
NLoS scatterer and c is the speed of light. Also, β(f) =
( c
4π(fc+f)‖pue−pbs‖2 )

2e−k(fc+f)‖p
ue−pbs

n ‖2 is the path loss ac-
counting for the free space path loss and the molecular absorp-
tion where k(fc + f) is the absorption coefficient [40], [41].
In addition, αi(f) ∼ CN (0,Γi(fc + f)) is the path gain with
Γi(fc + f) being the reflection coefficient [37], [42]. Due to the
huge reflection loss at mmWave and THz bands, the power of
the LoS component is typically -20 dB stronger than that of the
NLoS component [26].

By collecting hn(f) for all antenna elements n ∈ N and
baseband frequency f̃s =

B(s−1)
S−1 − B

2 , we obtain the downlink

channel vector hs = [ h1(f̃s) h2(f̃s) · · · hN (f̃s) ]
T ∈ C

N as

hs =
√
β(fs)aN (pue, fs) +

Np−1∑
i=1

√
β(fs) α̃i(fs)aN (pscai , fs)

(4)

2In general, the electromagnetic (EM) radiation field can be divided into
two regions: 1) the far-field region, where the EM radiation is approximated as
plane waves; and 2) the near-field region, where the EM radiation is modeled

as spherical waves. To distinguish these, the Fraunhofer distance Z � N2c
2fc

is
widely used where c is the speed of light [39]. For example, in a mmWave ELAA
system with N = 512 antennas operating at fc = 28GHz, Z is approximately
1.4 km, covering most of the microcell radius.

where fs = fc − B
2 + B(s−1)

S−1 is the sth subcarrier frequency,

α̃i(fs) � αi(fs) ej2πfs
‖pue−psca

i
‖2

c is the effective path gain, and
aN (p, fs) is the N × 1 near-field array steering vector at the
sth subcarrier defined as

aN (p, fs)

�
[
e−j2πfs

‖p−pbs
1

‖2
c e−j2πfs

‖p−pbs
2

‖2
c · · · e−j2πfs

‖p−pbs
N

‖2
c

]T
.

(5)

Then, the array gainG(ws,p)of the sth subcarrier beamforming
vector ws at direction p is defined as

G(ws,p) �
1

N
aH
N (p, fs)ws . (6)

Also, the physical direction φ(ws) of ws is defined as

φ(ws) � argmax
p∈R3

|G(ws,p)|2 . (7)

B. Spatial-Wideband and Beam Squint Effects in Wideband
ELAA Systems

In traditional systems with relatively smaller antenna array
and narrower bandwidth, the differences in time delays across
antennas are negligible so the time delays are typically approx-
imated as identical for all antennas, i.e., τn,i ≈ τi. In wideband
ELAA systems, however, the differences in time delays across
the large antenna array become almost comparable to the sam-
pling period [28], [29]. Due to this phenomenon, known as the
spatial-wideband effect, distinct antenna elements may receive
different transmit symbols [43].

In the frequency-domain, the spatial-wideband effect leads to
frequency-dependent array steering vectors aN (p, fs) (see (5)).
(i.e., aN (p, fi) ≈ aN (p, fj) ∀i �= j). Since the beamforming
vectors generated by PSs are identical across all subcarriers
(wi = wj ∀i �= j), the directions of the subcarrier beamform-
ing vectors are distinct (i.e.,φ(wi) �= φ(wj) ∀i �= j). This phe-
nomenon where the direction of the subcarrier beam is dependent
on the subcarrier frequency is called the beam squint effect.
Since the subcarrier beamforming vectors are not aligned with
the direction of UE, the conventional PS-based beamforming
schemes suffer from severe array gain degradation in the wide-
band systems.3

C. Conventional TTD-Based Beamforming

To compensate for the throughput loss caused by the beam
squint effect, beamforming approaches exploiting a combination
of TTDs and PSs have been proposed [31], [32], [33], [34], [35],
[36], [37], [38]. TTD is a device consisting of multiple switched
delay lines. By choosing the delay line for the propagation of
RF signals, a phase shift e−j2πfsτ proportional to the product
of the time delay τ and the subcarrier frequency fs is induced.
Using multiple TTDs, one can generate frequency-dependent
beamforming vectors. To be specific, the TTD beamforming

3In wideband systems, along with the spatial-wideband and beam squint
effects, the grating lobes can also occur due to the mismatch between the fixed
antenna spacing and varying half wavelengths of subcarrier signals [44].
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vectorwttd
s (τ ) ∈ C

T at the sth subcarrier for given time delays
τ = [ τ1 τ2 · · · τT ]T of T TTDs is defined as

wttd
s (τ ) �

[
e−j2πfsτ1 e−j2πfsτ2 · · · e−j2πfsτT

]T
. (8)

Similarly, the PS beamforming vector wps(θ) ∈ C
N for given

phase shifts θ = [ θ1 θ2 · · · θN ]T of N PSs is defined as

wps(θ) �
[
e−jθ1 e−jθ2 · · · e−jθN

]T
. (9)

The conventional TTD-based beamforming schemes can be
divided into two types: 1) fully-connected structure where each
TTD is directly connected to the antenna (T = N ); and 2)
partially-connected structure where each TTD is connected to
multiple PSs and then connected to the antenna (T < N ).

1) Fully-Connected TTD-Based Beamforming: In the fully-
connected structure, by employing a number of TTDs equal
to the number of antennas, frequency-dependent beamforming
vectors maximizing the array gain can be generated [31]. Specif-
ically, for a given target direction p, the time delays of N TTD
are configured as

τ fc �
[
‖p− pbs1 ‖2

c

‖p− pbs2 ‖2
c

· · · ‖p− pbsN ‖2
c

]T
. (10)

Then the fully-connected beamforming vectorwfc
s ∈ C

N at the
sth subcarrier is given by

wfc
s � wttd

s (τ fc) = aN (p, fs) . (11)

One can see that wfc
s achieves the maximum array gain of 1 as∣∣G(wfc

s ,p)
∣∣ = 1

N

∣∣aH
N (p, fs)aN (p, fs)

∣∣ = 1.
2) Partially-Connected TTD-Based Beamforming: While

the fully-connected structure can achieve the array gain max-
imization, the power consumption and implementation cost are
considerable in the ELAA systems due to the large number of
antennas. To reduce the power consumption and implementation
cost, the partially-connected structures exploiting only a small
number of TTDs have been proposed [32], [33], [34], [35], [36],
[37], [38]. In the partially-connected structure, T (< N) TTDs
and N PSs are used where each TTD is connected to the PS
subarray consisting of P = N

T PSs. Specifically, the time delays
of T TTDs and the phase shifts of N PSs are configured as

τ pc �
[
‖p− pbsP ‖2

c

‖p− pbs2P ‖2
c

· · · ‖p− pbsTP ‖2
c

]T
(12)

θpc � 2πfc

[
‖p− pbs1 ‖2

c

‖p− pbs2 ‖2
c

· · · ‖p− pbsN ‖2
c

]T
− (2πfcτ

pc)⊗ 1P . (13)

By plugging τ pc and θpc to (8) and (9), the corresponding TTD
and PS beamforming vectors are given by

wttd
s (τ pc) =

[
[aN (p, fs)]tP : t = 1, 2, . . . , T

]T
(14)

wps(θpc) = aN (p, fc)

�
([

[aN (p, fc)]
−1
tP : t = 1, 2, . . . , T

]T⊗ 1P

)
.

(15)

Then, the partially-connected beamforming vector wpc
s ∈ C

N

at the sth subcarrier is given by

wpc
s � wps(θpc)�

(
wttd
s (τ pc)⊗ 1P

)
(16)

= aN (p, fc)

�
([

[aN (p, fs)]tP
[aN (p, fc)]tP

: t = 1, 2, . . . , T

]T
⊗ 1P

)
.

(17)

One can see that when fs = fc, we have wpc
s = wfc

s but this
equality does not hold when fs �= fc. This mismatch causes a
degradation in both the array gainG(ws,p) and the spectral ef-
ficiency R. In fact, the mismatch betweenwpc

s andwfc
s becomes

more pronounced as |fs − fc| increases, leading to significant
array gain losses in the subcarrier beams.

III. WIDEBAND DYNAMIC ARRAY-OF-SUBARRAY

ARCHITECTURE: CENTRALIZED APPROACH

The main goal of the proposed WDAoSA is to generate
beamforming vectors directed toward a target direction while
maximizing the array gain using a small number of TTDs.4

Recall that conventional partially-connected structure suffers
from significant array gain degradation due to the fixed con-
nections between TTDs and PS subarrays. To handle this issue,
WDAoSA exploits a switch network that dynamically configures
the subarray connection as well as the TTD time delays and PS
phase shifts to maximize the array gain.

A. WDAoSA Network Architecture

The proposed WDAoSA consists of three major components:
1) a TTD network with T TTDs; 2) a switch network; and 3) a
PS network withN PSs (see Fig. 1). TheN PSs are divided into
L subarrays, each consisting of N

L = K PSs and a single-pole
multiple-throw (SPMT) switch that can be connected to one
of TTDs. The set of TTDs and PS subarrays are denoted as
T � {1, 2, . . . , T} and L � {1, 2, . . . , L}. Let πl ∈ T be the
index of TTD connected to the lth PS subarray and π ∈ T L be
the subarray connection vector defined as

π � [ π1 π2 · · · πL ]T. (18)

Also, let τt and θn be the time delay and the phase shift of the
tth TTD and the nth PS, respectively and τ ∈ R

T and θ ∈ R
N

be the time delay and phase shift vectors defined as

τ � [ τ1 τ2 · · · τT ]T (19)

θ � [ θ1 θ2 · · · θN ]T. (20)

Then, the WDAoSA beamforming vector ws ∈ C
N at the sth

subcarrier is defined as a function of π, τ , and θ as

ws � wps(θ)�
((
ET
πw

ttd
s (τ )

)
⊗ 1K

)
(21)

where wttd
s (τ ) and wps(θ) are the TTD and PS beamforming

vectors defined in (8) and (9), respectively. Also, Eπ ∈ R
T×L

is the subarray connection matrix defined as

Eπ � [ eπ1
eπ2

· · · eπL
] (22)

where eπl
is a T × 1 vector whose πlth element is 1 and all other

elements are 0. When comparing the WDAoSA beamforming

4By generating multiple sets of beamforming vectors directed toward a range
of different directions, we can construct a beam codebook for the beam sweeping
operation in 5G New Radio (NR) beam management [45], [46].
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Fig. 1. Comparison between (a) the proposed WDAoSA scheme and (b) the conventional TTD-based beamforming scheme.

vector ws in (21) with the conventional partially-connected
beamforming vector wpc

s in (17), two major differences stand
out: 1) the subarray connection matrix Eπ is multiplied by
wttd
s (τ ) to dynamically adjust the connection between TTDs

and PS subarrays; and 2) the time delays τ and phase shifts θ
are optimized to maximize the array gain.

Now we formulate the wideband beamforming optimization
problem to determine (π, τ ,θ) maximizing the array gain at
the target direction p. However, this task is not straightforward
since the array gains {G(ws,p)}Ss=1 of all subcarriers must be
considered simultaneously. To address this issue, we exploit the
fact that R is a sum of logarithms of channel gains. Specifically,
we define the total array gain Gtot

(
{ws}Ss=1,p

)
:

Gtot

(
{ws}Ss=1,p

)
�

S∑
s=1

log2
(
1 + ρs|G(ws,p)|2

)
(24)

where ρs � β(fs)NPtx

σ2 is the signal-to-noise ratio (SNR) at the
sth subcarrier. Note that Gtot becomes the same as R when
pue = p and hs has only the LoS component. By employing
Gtot as the objective function in the wideband beamforming
optimization, we can guide the WDAoSA beam generation to
maximize the spectral efficiency without relying on the explicit
channel information {hs}Ss=1. The wideband beamforming op-
timization problem P0 is formulated as

P0 : maximize
π,τ ,θ

S∑
s=1

log2

(
1 +

ρs
N2

∣∣aH
N (p, fs)ws

∣∣2)
(25a)

subject to πl ∈ T ∀ l ∈ L . (25b)

Due to the logarithm in (25a) and the unit-modulus constraints
of analog beamforming vectors (i.e.,

∣∣[ws]n
∣∣ = 1, ∀n), P0 is

nonconvex. Moreover, due to the combinatorial nature of integer
constraints (25b), P0 is NP-hard in which the optimal solution
is intractable within polynomial time. To address these issues,
we propose a novel beamforming optimization technique that
consists of the following three major stages:
� Quadratic transform: We convert P0 to a quadratic op-

timization problem by isolating the quadratic array gains
from its logarithm form.

� Dynamic subarray connection via sparse recovery: We
map the TTD indices {πl}Ll=1 to the positions of non-zero
elements of the sparse vectors {ẽl}Ll=1.

� Time delay/phase shift control via manifold optimization:
We optimize the time delays τ and phase shifts θ on the
manifold of unit-modulus complex numbers.

B. Quadratic Transform

In this subsection, we convert the objective function (25a) to
a sum-of-quadratics using the quadratic transform [41].

Proposition 1: By introducing auxiliary variables γ �
[ γ1 γ2 · · · γS ]T ∈ R

S and ν � [ ν1 ν2 · · · νS ]T ∈ C
S , P0

can be equivalently converted to P1 as

P1 : maximize
π,τ ,θ,γ,ν

f1(π, τ ,θ,γ,ν) (26a)

subject to πl ∈ T ∀ l ∈ L (26b)

where f1 is defined in (23) shown at the bottom of this page. �
Proof: See Appendix. �
Since f1 is a joint function of (π, τ ,θ,γ,ν), it is challenging

to determine them simultaneously. To address this issue, we use

f1(π, τ ,θ,γ,ν) �
S∑
s=1

log2(1 + γs)−
1

ln 2

S∑
s=1

γs −
1

ln 2

S∑
s=1

|νs|2

+
2

N ln 2

S∑
s=1

√
ρs(1 + γs)�

{
ν∗sa

H
N (p, fs)ws

}
− 1

N2 ln 2

S∑
s=1

ρs|νs|2
∣∣aH
N (p, fs)ws

∣∣2 . (23)
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an alternating approach that iteratively optimizes one variable
while keeping the other variables fixed. For a given (π, τ ,θ,ν),
the optimal solution γopt � [ γopt1 γopt2 · · · γoptS ]T can be ob-
tained by solving ∂f1

∂γ = 0S :

γopts =
ρs
N2

∣∣aH
N (p, fs)ws

∣∣2 ∀ s ∈ S . (27)

Also, for a given (π, τ ,θ,γ), the optimal solution νopt �
[ νopt1 νopt2 · · · νoptS ]T can be obtained by solving ∂f1

∂ν = 0S :

νopts =
N
√
ρs(1 + γs)a

H
N (p, fs)ws

ρs
∣∣aH
N (p, fs)ws

∣∣2 +N2
∀ s ∈ S . (28)

Once we obtain γopt and νopt, we update (π, τ ,θ) by solving
the reduced problem P2:

P2 : maximize
π,τ ,θ

f2(π, τ ,θ) (29a)

subject to πl ∈ T ∀ l ∈ L (29b)

where f2 is defined as

f2(π, τ ,θ) �
2

N

S∑
s=1

√
ρs(1 + γs)�

{
ν∗sa

H
N (p, fs)ws

}

− 1

N2

S∑
s=1

ρs|νs|2
∣∣aH
N (p, fs)ws

∣∣2 . (30)

In the following subsections, we describe the alternating opti-
mization operations that iteratively optimize π and (τ ,θ).

C. Dynamic Subarray Connection Via Sparse Recovery

For a given (τ ,θ) = (τ opt,θopt), P2 is reduced to the
subarray connection problem P2,a as

P2,a : maximize
π

f2
(
π, τ opt,θopt

)
(31a)

subject to πl ∈ T ∀ l ∈ L . (31b)

Basically, P2,a is a combinatorial optimization problem that
requires an exhaustive search to determine the optimal solution.
For example, if the number of TTDs is T = 4 and the number of
PS subarrays isL = 8, then one needs to search allTL = 65, 536
combinations of π to obtain the optimal solution.

To find out a tractable solution of P2,a, we define a sparse sub-
array connection matrix Ẽ � [ ẽ1 ẽ2 · · · ẽL ] ∈ R

T×L where ẽl
is a T × 1 sparse vector defined as

[ẽl]t =

{
1 if t = πl

0 otherwise .
(32)

Then πl is expressed as the nonzero element index of ẽl as

πl = supp
(
ẽl
)
. (33)

Using Ẽ, we can re-express ws as a function of Ẽ as

ws = w
ps
(
θopt

)
�
((
Ẽ

T
wttd
s

(
τ opt

))
⊗ 1K

)
(34)

= diag
(
wps

(
θopt

))(
IL ⊗ 1K

)
Ẽ

T
wttd
s

(
τ opt

)
(35)

= AẼ
T
bs (36)

whereA ∈ C
N×L and bs ∈ C

T are defined as

A � diag
(
wps

(
θopt

))(
IL ⊗ 1K

)
(37)

bs � wttd
s

(
τ opt

)
. (38)

Then we recast the combinatorial optimization P2,a to the
sparse recovery problem P3,a as

P3,a : maximize
Ẽ

f3
(
Ẽ
)

(39a)

subject to ‖ẽl‖0 ≤ 1 ∀ l ∈ L (39b)

1T
T ẽl ≤ 1 ∀ l ∈ L (39c)

where f3 is defined as

f3
(
Ẽ
)
� 2

N

S∑
s=1

√
ρs(1 + γs)�

{
ν∗sa

H
N (p, fs)AẼ

T
bs
}

− 1

N2

S∑
s=1

ρs|νs|2
∣∣aH
N (p, fs)AẼ

T
bs
∣∣2 . (40)

Although the integer constraints (31b) are replaced by the
sparsity constraints (39b), P3,a is still nonconvex due to the
nonconvexity of 
0-norm in (39b). To handle this issue, we use
reweighted 
2-norm approximation (RLA) that approximates the

0-norm as the weighted quadratic sum of elements [47], [48].
Specifically, ‖ẽl‖0 is approximated as

‖ẽl‖0 ≈
T∑
t=1

pt,l
∣∣[ẽl]t∣∣2 = ‖P lẽl‖22 (41)

where P l � diag(
√
p1,l,

√
p2,l, · · · ,√pT,l) ∈ R

T×T and
pt,l ≥ 0 is the RLA weight obtained from the subarray
connection matrix Ẽ

prev
of the previous iteration as

pt,l �
(∣∣[ẽprevl ]t

∣∣2 + ε−1
)−1

. (42)

Here, ε > 0 is used as an upper bound of pl,t. By assigning larger
RLA weights to the smaller elements and iteratively updating the
RLA weights, RLA effectively penalizes these smaller elements,
driving them closer to zero. In doing so, one can promote the
sparsity of Ẽ. By plugging (41) to (39b), we obtain the relaxed
problem P4,a:

P4,a : maximize
Ẽ

f3
(
Ẽ
)

(43a)

subject to ‖P lẽl‖22 ≤ 1 ∀ l ∈ L (43b)

1T
T ẽl ≤ 1 ∀ l ∈ L . (43c)

The relaxed problem P4,a is a convex quadratic program that
can be reformulated as a second-order cone program (SOCP).
Using the convex optimization solver, we can obtain the global

optimal solution Ẽ
opt

of P4,a [49]. We then set Ẽ
prev

= Ẽ
opt

and update the RLA weight pt,l via (42). The RLA iteration is

repeated until (39b) are satisfied. Once we have Ẽ
opt

, we obtain
the TTD time delays πopt via (33).
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D. Time Delay/Phase Shift Control Via Manifold Optimization

For a given π = πopt, P2 is reduced to the time delay and
phase shift control problem P2,b as

P2,b : maximize
τ ,θ

f2
(
πopt, τ ,θ

)
. (44)

Note that ws is a function of the TTD beamforming vector
wttd
s (τ ) and the PS beamforming vector wps(θ) (see (21)).

Since the elements of wttd
s (τ ) and wps(θ) are unit-modulus,

with phases controlled by τ and θ (see (8) and (9)), one cannot
uniquely determine τ and θ due to the phase ambiguity issue. To
address this issue, we redefine the optimization variables from
(τ ,θ) to (τ̃ , θ̃) ∈ C

T × C
N as

τ̃ �
[
e−jfcτ1 e−jfcτ2 · · · e−jfcτT

]T
(45)

θ̃ �
[
e−jθ1 e−jθ2 · · · e−jθN

]T
. (46)

Note that fc is used in (45) to balance the magnitude difference
between τ and θ. Using τ̃ and θ̃, we can rewrite ws as

ws = θ̃ �
((
ET
πopt τ̃

(
2π fs

fc

))
⊗ 1K

)
(47)

= diag
(
θ̃
)
(IL ⊗ 1K)ET

πopt τ̃

(
2π fs

fc

)
(48)

= diag
(
θ̃
)
C τ̃

(
2π fs

fc

)
(49)

where C ∈ R
N×T is defined as

C � (IL ⊗ 1K)ET
πopt . (50)

Then P2,b can be reformulated as an optimization problem
P3,b with unit-modulus constraints as

P3,b : maximize
τ̃ ,θ̃

f4
(
τ̃ , θ̃

)
(51a)

subject to |[ τ̃ ]t| = 1 ∀ t ∈ T (51b)∣∣[ θ̃ ]
n

∣∣ = 1 ∀n∈ N (51c)

where f4 is defined as

f4
(
τ̃ , θ̃

)
� 2

N

S∑
s=1

√
ρs(1 + γs)�

{
ν∗sa

H
N (p, fs) diag

(
θ̃
)
Cτ̃

(
2π fs

fc

)}

− 1

N2

S∑
s=1

ρs|νs|2
∣∣∣aH
N (p, fs) diag

(
θ̃
)
Cτ̃

(
2π fs

fc

)∣∣∣2 . (52)

Due to the nonconvexity of the unit-modulus constraints (51b)
and (51c), P3,b is a nonconvex problem. To handle the unit-
modulus constraints, we exploit the fact that the set of unit-
modulus vectors form a Riemannian manifold, a generalization
of the Euclidean space that enables the definition of differen-
tiable structures on abstract and curved spaces [50]. Using the
notion of Riemannian manifold, we can convert P3,b to an
unconstrained optimization problem on the Riemannian man-
ifold, where optimization techniques in the Euclidean space
(e.g., conjugate gradient method) can be readily extended to
determine the optimal τ̃ and θ̃ on the Riemannian manifold [51].
Put it formally, a Riemannian manifold (M, g) is a smooth
manifold M equipped with a family g of smoothly-varying
positive-definite inner products (i.e., Riemannian metric) on

the tangent space TpM at each point p ∈ M [52]. A smooth
manifold M is a topological space that locally resembles Eu-
clidean space and is equipped with a smooth structure. Also, the
tangent space TpM � {γ′(0) : γ : I(⊆ R) → M, γ(0) = p}
at a point p ∈ M is a vector space containing tangent vectors
at p. The Riemannian metric endows the smooth manifold with
notions of length, angle, and distance between points on the
manifold, from which the notion of gradient on the Riemannian
manifold (i.e., Riemannian gradient) is defined.

Let C1 � {z ∈ C | |z| = 1} be the set of unit-modulus com-
plex numbers. It has been shown that C1 is a submanifold of C,
meaning that C1 is a subset of C that is itself a smooth manifold.
Also, sinceC1 is an embedded manifold ofC, it naturally inherits
the Riemannian metric g1 ofC defined as g1(z1, z2) = �{z∗1z2}
for all z1, z2 ∈ C. Let us define the combined time delay and
phase shift vector ψ ∈ C

T+N as

ψ �
[
τ̃T θ̃

T ]T
. (53)

The set of ψ is expressed as a Cartesian product of C1 as

CT+N �
{
ψ ∈ C

T+N : |[ψ]i| = 1, ∀ i
}
=

T+N∏
i=1

C1. (54)

Note that CT+N is a product Riemannian manifold endowed
with a Riemannian metric g : Tψ CT+N × Tψ CT+N → R de-
fined as g(p, q) = �{pHq} for allp, q ∈ Tψ CT+N . Also, since
the tangent space Tψ C1 of C1 at ψ ∈ C1 is Tψ C1 = {p ∈ C :
�{p∗ψ} = 0}, Tψ CT+N of CT+N at ψ ∈ CT+N is5

Tψ CT+N =
{
p ∈ C

T+N : �
{
[p]∗i [ψ]i

}
= 0, ∀ i

}
. (55)

Then P3,b can be reformulated as

P3,b : maximize
ψ∈CT+N

f4(ψ) . (56)

Next, we explain the Riemannian conjugate gradient (RCG)
method to determine ψ ∈ CT+N that maximizes f4(ψ). When
compared to the traditional conjugate gradient method, it re-
quires two additional operations to determine the optimal solu-
tion on the manifold: 1) the projection that projects the search
direction onto the tangent space; and 2) the retraction that maps
the updated point back to the manifold [51].

First, the orthogonal projection ofp ∈ C
T+N onto the tangent

space Tψ CT+N is a unique vector projTψ CT+N (p) that satisfies
g(p− projTψCT+N (p), q) = 0 for all q ∈ Tψ CT+N .

Lemma 1: The orthogonal projection projTψ CT+N :

C
T+N → Tψ CT+N onto the tangent space Tψ CT+N at ψ ∈

CT+N is defined as [53]

projTψ CT+N (p) = p−�
{
p∗ �ψ

}
�ψ (57)

for all p ∈ C
T+N . �

Using the projection operator, we can obtain the Riemannian
gradient, which indicates the steepest descent direction of f4 in
the tangent space. In fact, since CT+N is an embedded manifold
ofCT+N , the Riemannian gradient can be obtained by projecting
the Euclidean gradient onto the tangent space.

5The Riemannian metric g of the product space M = M1 ×M2 of
Riemannian manifolds (M1, g1) and (M2, g2) is g((v1, v2), (w1, w2)) =
g1(v1, w1) + g2(v2, w2) for all v1, w1 ∈ M1 and v2, w2 ∈ M2. Also, the
tangent space of M at (v1, v2) is T(v1,v2) M = Tv1 M1 × Tv2 M2.
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Lemma 2: The Riemannian gradient grad f4(ψ) of f4 at
ψ ∈ CT+N can be obtained by projecting the complex Euclidean
gradient ∇ψf4(ψ) onto the tangent space Tψ CT+N as [53]

grad f4(ψ) = projTψ CT+N

(
∇ψf4(ψ)

)
(58)

= ∇ψf4(ψ)−�
{
∇ψf ∗4(ψ)�ψ

}
�ψ (59)

where ∇ψf4(ψ) =
[
∇τ̃fT4 (ψ) ∇θ̃fT4 (ψ)

]T ∈ C
T+N is in

(61) and (62) shown at the bottom of the page. �
Proof: ∇ψf4(ψ) can be easily obtained by computing the

derivative of f4 with respect to τ̃ ∗ and θ̃
∗
. �

Second, the retraction retrψ is a mapping that projects the
tangent vector onto CT+N while preserving the local structure
and directionality of v. Put it formally, retrψ : Tψ CT+N →
CT+N is a smooth map that satisfies retrψ(0T+N ) = ψ and
d
dt retrψ(tv)

∣∣
t=0

= v for all v ∈ Tψ CT+N .
Lemma 3: The retraction retrψ : Tψ CT+N → CT+N onto

CT+N at ψ ∈ CT+N is defined as [53]

retrψ(v)=

[
[ψ+v]1
|[ψ+v]1|

[ψ+v]2
|[ψ+v]2|

· · · [ψ+v]T+N

|[ψ+v]T+N |

]T
. (60)

for all v ∈ Tψ C. �
The update equations for the conjugate direction di ∈ CT+N

and ψi at the ith iteration are given by

di = grad f4(ψi) + βi projTψi CT+N (di−1) (63)

ψi+1 = retrψi
(αidi) (64)

where αi is the step size determined by the line search method

and βi =
‖grad f4(ψi)‖22

‖grad f4(ψi−1)‖22
is the Fletcher-Reeves conjugate gra-

dient parameter [54], [55]. Note that in (63), the projection op-
erator is used since grad f4(ψi) ∈ Tψi

CT+N whereas di−1 ∈
Tψi−1

CT+N . Also, in (64), the retraction operator is used to
ensure ψi ∈ CT+N . The update equations are repeated until
ψi converges. Once we have the converged solution ψopt, we

decompose ψopt into τ̃ opt and θ̃
opt

using (53), from which we
obtain τoptt = − 1

fc
∠τ̃optt and θoptn = −∠θ̃optn .

The dynamic subarray connection and time delay/phase shift
control operations are repeated until (π, τ ,θ) converges. After
obtaining the optimal solution (πopt, τ opt,θopt) of P2, we
update the auxiliary variables γ and ν using (27) and (28) and
then repeat solving P2 until (π, τ ,θ) converges. Algorithm 1
summarizes the centralized dynamic subarray connection and
time delay/phase shift control algorithm.

Algorithm 1: Centralized Dynamic Subarray Connection
and Time Delay/Phase Shift Control Algorithm.

Input: Target direction p, subcarrier channel SNR
{ρs}Ss=1, the numbers of TTDs and PS subarrays T and
L

Initialize: π = [ 1 2 · · · T ]T ⊗ 1L/T
Set τ and θ as (12) and (13), respectively

while (π, τ ,θ,γ,ν) do not converge do
Update γ and ν using (27) and (28)
while (π, τ ,θ) do not converge do
Ẽ = Reweighted 
2-norm approximation (P3,a)
πl = supp

(
ẽl
)

∀ l ∈ L
ψ = Riemannian conjugate gradient (CT+N ,P3,b)[
τ̃T θ̃

T ]T
= ψ

τt = − 1
fc
∠τ̃t, θn = −∠θ̃n ∀ t ∈ T , n∈N

end while
end while
Output: π, τ , θ

Function Reweighted 
2-norm approximation (P)
Solve P while ignoring the sparsity constraint
while the sparsity constraint is not satisfied do
Ẽ

prev
= Ẽ

pt,l = (|[ẽprevl ]t|2 + ε−1)−1 ∀ t ∈ T , n∈N
‖ẽl‖0 ≈

∥∥diag(√pl,1,√pl,2, · · · ,√pl,T )ẽ∥∥22 ∀ l ∈ L
Solve the relaxed problem via SOCP solver

end while
Output: Ẽ

Function Riemannian conjugate gradient (C,P)
ψ0 = 1, d0 = 0, i = 1
while ψi do not converge do
grad f(ψi) = projTψi

C(∇ψf(ψi))
βi =

‖grad f(ψi)‖22
‖grad f(ψi−1)‖22

di = grad f(ψi) + βi projTψi C(di−1)
Find a step size αi > 0 via line search
ψi+1 = retrψi

(αidi)
i = i+ 1

end while
Output: ψ

IV. WIDEBAND DYNAMIC ARRAY-OF-SUBARRAY

ARCHITECTURE: DISTRIBUTED APPROACH

While the beamforming optimization algorithm in Section III
is effective at maximizing the total array gain, it might be

∇τ̃ f4(ψ) =
2π

N

S∑
s=1

fs
fc

(
νs
√
ρs(1 + γs)−

ρs|νs|2
N

aH
N (p, fs)diag

(
θ̃
)
Cτ̃

(
2π fs

fc

))
diag

(
τ̃

(
1−2π fs

fc

))
CH

(
diag

(
θ̃
))H
aN (p, fs)

(61)

∇θ̃f4(ψ) =
1

N

S∑
s=1

(
νs
√
ρs(1 + γs)−

ρs|νs|2
N

(
τ̃

(
2π fs

fc

))T

CT
(
diag

(
aN (p, fs)

))H
θ̃
)
diag

(
aN (p, fs)

)
C∗(τ̃ ∗)

(
2π fs

fc

)
(62)
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computationally burdensome when the number of antennas N
is extremely large since its computational complexity is pro-
portional to N . We note that among the three variables, i.e.,
subarray connection vector π ∈ N

L, time delay vector τ ∈ R
T ,

and PS phase shift vector θ ∈ R
N , θ has the greatest impact

on the computational complexity. Thus, we present a distributed
beamforming optimization framework that optimizes π and τ
in a centralized manner while θ is optimized in a distributed
manner at the subarray level.

A. Array Gain Decomposition

In this subsection, we will show that the array gain G(ws,p)
can be expressed as a sum of subarray gains {Gt(ws,t,p)}Tt=1

where the magnitudes are determined by the phase shifts of the
PS subarray and the arguments are determined by the TTD time
delay. These observations lay the foundation for the development
of our distributed optimization framework. Let Nt ⊆ N be the
set of antenna element indices connected to the tth TTD as

Nt � {(l − 1)K + k ∈ N : πl = t, k = 1, 2, . . . ,K} . (65)

Also, let aN,t(p, fs) ∈ C
|Nt| and ws,t ∈ C

|Nt| be the corre-
sponding subvectors of aN (p, fs) and ws, respectively:

aN,t(p, fs) �
[
[aN (p, fs)]n : n∈ Nt

]T
(66)

ws,t �
[
[ws]n : n∈ Nt

]T
(67)

= e−j2πfsτtwps(θNt
) (68)

where θNt
∈ R

|Nt| is the corresponding subvector of θ:

θNt
� [ θn : n∈ Nt]

T . (69)

The tth subarray gainGt(ws,t,p) ofws,t at the target direction
p is defined as

Gt(ws,t,p) � aH
N,t(p, fs)ws,t (70)

= e−j2πfsτtaH
N,t(p, fs)w

ps(θNt
) . (71)

Then G(ws,p) is expressed as a sum of {Gt(ws,t,p)}Tt=1 as

G(ws,p) =

T∑
t=1

aH
N,t(p, fs)ws,t (72)

=
T∑
t=1

Gt(ws,t,p) . (73)

Remark 1: Letms,t and vs,t be the magnitude and argument
of the tth subarray gainGt(ws,t,p). Thenms,t is a sole function
of θNt

, whereas vs,t is determined by τt and θNt
:

ms,t � |Gt(ws,t,p)| (74)

=
∣∣aH
N,t(p, fs)w

ps(θNt
)
∣∣ (75)

vs,t � ∠Gt(ws,t,p) (76)

= − 2πfsτt + ∠
(
aH
N,t(p, fs)w

ps(θNt
)
)
. (77)

�

Remark 2: The absolute square of the array gain G(ws,p)
is expressed as a function of {ms,t}s,t and {vs,t}s,t as

|G(ws,p)|2 =

∣∣∣∣
T∑
t=1

Gt(ws,t,p)

∣∣∣∣
2

=

∣∣∣∣
T∑
t=1

ms,te
jvs,t

∣∣∣∣
2

. (78)

�
Remarks 1 and 2 imply that the array gain maximization

problem can be decoupled into the subarray gain maximization
problems by treating{ms,t}s,t and{vs,t}s,t as independent vari-
ables. Based on this, we formulate the beamforming optimiza-
tion problem P̃0 to determine π, τ , and {θNt

}Tt=1 maximizing
the sum of squares of array gains as

P̃0 : maximize
π,τ ,{θNt}Tt=1

S∑
s=1

|G(ws,p)|2 (79a)

subject to πl ∈ T ∀ l ∈ L . (79b)

To solve P̃0, we use the alternating approach that first fixes
{θNt

}Tt=1 and optimizes (π, τ ) in a centralized manner. We
then fix (π, τ ) and optimize {θNt

}Tt=1 in a distributed manner.

B. Centralized Subarray Connection and Time Delay Control

For a given (τ , {θNt
}Tt=1) = (τ opt, {θoptNt

}Tt=1), P̃0 is re-

duced to the subarray connection problem P̃0,a as

P̃0,a : maximize
π

S∑
s=1

∣∣aH
N (p, fs)ws

∣∣2[−6pt] (80a)

subject to πl ∈ T ∀ l ∈ L . (80b)

Similar to the dynamic subarray connection operation in
Section III-C, we change the optimization variable from the
subarray connection vector π to the sparse subarray connection
matrix Ẽ = [ ẽ1 ẽ2 · · · ẽL ] (see (32)) to obtain the modified
sparse recovery problem P̃1,a as

P̃1,a : maximize
Ẽ

S∑
s=1

∣∣aH
N (p, fs)AẼ

T
bs
∣∣2 (81a)

subject to ‖ẽl‖0 ≤ 1 ∀ l ∈ L (81b)

1T
T ẽl ≤ 1 ∀ l ∈ L (81c)

whereA and bs are defined in (37) and (38).
Note that P̃1,a is a maximization problem with a quadratic

objective function. To deal with this issue, we use successive
convex approximation (SCA) which approximates the quadratic
objective function (81a) to a linear function by using the first-
order Taylor expansion. We first rewrite the objective function
(81a) of P̃1,a as

f4
(
Ẽ
)
�

S∑
s=1

∣∣aH
N (p, fs)AẼ

T
bs
∣∣2 (82)

=
∥∥DTvec

(
Ẽ
)∥∥2

2
(83)
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where D � [D1 D2 · · · DS ] ∈ R
TL×2S and Ds ∈ R

TL×2 is
defined as

Ds�
[
�
{(
ATa∗

N (p, fs)
)
⊗ bs

}
�{

(
ATa∗

N (p, fs)
)
⊗ bs}

]
.

(84)
Then, for a given Ẽ

prev
obtained at the previous SCA iteration,

the first-order Taylor expansion F (Ẽ | Ẽprev
) of f4(Ẽ) is

F
(
Ẽ | Ẽprev)
� f4

(
Ẽ
)
+∇vec(Ẽ)f4

(
Ẽ

prev)T
vec

(
Ẽ − Ẽprev)

(85)

= vec
(
Ẽ

prev)T
DDTvec

(
2Ẽ − Ẽprev)

(86)

= 2

L∑
l=1

dTl ẽl −
∥∥DTvec

(
Ẽ

prev)∥∥2
2

(87)

where dl ∈ R
T is the lth subvector ofDDTvec(Ẽ

prev
) ∈ R

TL

such that

DDTvec
(
Ẽ

prev)
=

[
dT1 d

T
2 · · · dTL

]T
. (88)

By substituting f4(Ẽ)withF (Ẽ | Ẽprev
), we obtain the relaxed

SCA problem P̃2,a as

P̃2,a : maximize
Ẽ

L∑
l=1

dTl ẽl (89a)

subject to ‖ẽl‖0 ≤ 1 ∀ l ∈ L (89b)

1T
T ẽl ≤ 1 ∀ l ∈ L . (89c)

Since f4(Ẽ) is convex, F (Ẽ | Ẽprev
) ≤ f4(Ẽ) and thus, the

optimal value of P̃2,a is a lower bound of that of P̃1,a. One can
easily see that the optimal solution {ẽoptl }Ll=1 of P̃2,a is

ẽoptl =

{
etmax

if [dl]tmax
> 0

0T otherwise
(90)

where tmax is the maximum element index of dl given by

tmax = argmax
t∈T

[dl]t . (91)

The SCA iterations are repeated until Ẽ converges. Once Ẽ
opt

is obtained, we can get πopt using (33).
After determining πopt, we fix (π, {θNt

}Tt=1) =
(πopt, {θoptNt

}Tt=1) and then optimize τ . By plugging (78)

to (79), the time delay control problem P̃0,b is formulated as

P̃0,b : maximize
τ

S∑
s=1

∣∣∣∣
T∑
t=1

ms,te
jvs,t

∣∣∣∣
2

[−3pt] (92a)

subject to vs,t = ∠
(
aH
N,t(p, fs)w

ps(θNt
)
)

− 2πfsτt ∀s ∈ S, t ∈ T . (92b)

As shown in Remark 1, ms,t is a sole function of θNt
and thus,

is unaffected by τ . Thus, by redefining the optimization variable
τ̃ = [ e−jfcτ1 e−jfcτ2 · · · e−jfcτT ]T, P̃0,b can be recast to the
unconstrained problem on CT as

P̃1,b : maximize
τ̃∈CT

S∑
s=1

∣∣∣mT
s P sτ̃

(
2π fs

fc

)∣∣∣2 (93)

wherems ∈ R
T and P s ∈ C

T×T are defined as

ms � [ ms,1 ,ms,2 · · · ms,T ]T (94)

P s � diag
(
ej∠(aH

N,1(p,fs)w
ps(θN1

)), ej∠(aH
N,2(p,fs)w

ps(θN2
)),

· · · , ej∠(aH
N,T (p,fs)w

ps(θNT
))
)
. (95)

The near-optimal solution τ̃ opt of P̃1,b can be obtained via the
RCG method. We then get τoptt = − 1

fc
∠τ̃optt for all t ∈ T .

C. Distributed Phase Shifts Control

Now, we explain the distributed phase shift control for op-
timizing {θNt

}Tt=1. For a given (π, τ ) = (πopt, τ opt), P̃0 is
reduced to the phase shift control problem P̃0,c as

P̃0,c : maximize
{θNt}Tt=1

S∑
s=1

∣∣∣∣
T∑
t=1

ms,te
jvs,t

∣∣∣∣
2

(96a)

subject to ms,t =
∣∣∣aH
N,t(p, fs)w

ps(θNt
)
∣∣∣

∀ s ∈ S, t ∈ T (96b)

vs,t = ∠
(
aH
N,t(p, fs)w

ps(θNt
)
)
− 2πfsτt

∀ s ∈ S, t ∈ T . (96c)

Unfortunately, one cannot directly decompose P̃0,c into
subproblems for each θNt

since (96a) is a joint func-
tion of {θNt

}Tt=1. To address this issue, we first determine
{ms,t, vs,t}s,t that maximizes (96a) and then individually op-
timize each θNt

satisfying (96b) and (96c). First, by relaxing
(96b) and (96c), the optimization problem P̃1,c for determining
{ms,t, vs,t}s,t is formulated as

P̃1,c : maximize
{ms,t,vs,t}s,t

S∑
s=1

∣∣∣∣
T∑
t=1

ms,te
jvs,t

∣∣∣∣
2

(97a)

subject to 0 � ms,t � |Nt| ∀ t ∈ T . (97b)

The optimal solutions mopt
s,t and vopts,t of P̃1,c are given by

mopt
s,t = |Nt| ∀ s ∈ S, t ∈ T (98)

vopts,t = xs ∀ s ∈ S, t ∈ T (99)

wherexs ∈ [0, 2π) is the common argument of all subarray gains
{Gt(ws,t,p)}Tt=1 at the sth subcarrier.

Once we obtain {mopt
s,t , v

opt
s,t }s,t, we determine {θNt

}Tt=1

satisfying (96b) and (96c). Specifically, the corresponding opti-
mization problem P̃2,c is formulated as

P̃2,c : minimize
θNt ,{xs}Ss=1

S∑
s=1

T∑
t=1

∣∣∣aH
N,t(p, fs)w

ps(θNt
)

−|Nt|ej(2πfsτt+xs)
∣∣∣2 . (100)

To solve P̃2,c, we use the alternating approach comprising two
steps: 1) common argument optimization that fixes {θNt

}Tt=1

and determines {xs}Ss=1; and 2) phase shift optimization that
fixes {xs}Ss=1 and determines each θNt

separately.
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1) Common Argument Optimization: For given {θNt
}Tt=1,

P̃2,c is reduced to P̃3,c as

P̃3,c : minimize
{xs}Ss=1

T∑
t=1

S∑
s=1

∣∣∣Gt(ws,t,p)− |Nt|ej(2πfsτt+xs)
∣∣∣2 .

(101)
Then, P̃3,c can be decomposed into subproblems for each xs:

P̃3,c,s : minimize
xs

T∑
t=1

∣∣∣Gt(ws,t,p)− |Nt|ej(2πfsτt+xs)
∣∣∣2 .

(102)
By redefining the variable x̃s � ejxs ∈ C1 and the coefficient
vectors gs � [G1(ws,1,p) G2(ws,2,p) · · · GT (ws,T ,p) ]

T

and vs � [ |N1|ej2πfsτ1 |N2|ej2πfsτ2 · · · |NT |ej2πfsτT ]T,
P̃3,c,s can be simplified as

P̃4,c,s : minimize
x̃s∈C1

‖gs − vsx̃s‖22 . (103)

Since ‖gs − vsx̃s‖22 = ‖gs‖22 + ‖vs‖22 − 2�{x̃∗svHs gs}, the
optimal solution x̃opts of P̃4,c,s is given by

x̃opts = argmax
x̃s∈C1

�{x̃∗svHs gs} =
vHs gs
|vHs gs|

. (104)

Then, by extracting the complex argument from x̃opts , we can
obtain the optimal common argument xopts = ∠x̃opts .

2) Phase Shift Optimization: For given {xs}Ss=1, P̃2,c is
reduced to P̃3,c as

P̃3,c : minimize
{θNt}Tt=1

T∑
t=1

S∑
s=1

∣∣∣aH
N,t(p, fs)w

ps(θNt
)

−|Nt|ej(2πfsτt+xs)
∣∣∣2 . (105)

Since (96b) and (96c) are sole functions of θNt
, P̃3,c can be

decoupled into subproblems for each θNt
as

P̃3,c,t : minimize
θNt

S∑
s=1

∣∣∣aH
N,t(p, fs)w

ps(θNt
)

−|Nt|ej(2πfsτt+xs)
∣∣∣2 . (106)

By redefining the optimization variable to θ̃Nt
= [e−jθn :

n ∈ Nt]
T ∈ C

|Nt|, we can reformulate P̃3,c,t to an uncon-
strained problem P̃4,c,t on C|Nt| as

P̃4,c,t : minimize
θ̃Nt∈C|Nt |

S∑
s=1

∣∣∣aH
N,t(p, fs) θ̃Nt

− |Nt|ej(2πfsτt+xs)
∣∣∣2.

(107)
Using the RCG method, we can determine the near-optimal

solution θ̃
opt

Nt
of P̃3,c,t, from which we obtain θoptn = −∠θ̃optn .

The optimization of the common argument and phase shifts is
iteratively performed until {θNt

}Tt=1 converge.
Finally, the dynamic subarray connection, time delay con-

trol, and phase shift control operations are repeated until
(π, τ , {θNt

}Tt=1) converges. Algorithm 2 summarizes the dis-
tributed dynamic subarray connection and time delay/phase shift
control algorithm.

Algorithm 2: Distributed Dynamic Subarray Connection
and Time Delay/Phase Shift Control Algorithm.

Input: Target direction p, subcarrier channel SNR
{ρs}Ss=1, the numbers of TTDs and PS subarrays T and
L

Initialize: π = [ 1 2 · · · T ]T ⊗ 1L/T
Set τ and θ as (12) and (13), respectively

while (π, τ ,θ) do not converge do
Ẽ = Successive convex approximation (P̃1,a)
πl = supp(ẽl) ∀ l ∈ L
τ̃ = Riemannian conjugate gradient (CT , P̃1,b)
τt =

1
fc
∠τ̃t ∀ t ∈ T

while {θNt
}Tt=1 do not converge do

for s = 1 to S do
Set gs and vs as (103)

x̃s =
vH
s gs

|vH
s gs|

, xs = ∠x̃s
end for
for t = 1 to T do
θ̃Nt

= Riemannian conjugate gradient (P̃4,c,t)

θn = ∠θ̃n ∀n ∈ Nt

end for
end while

end while
Output: π, τ , θ

Function Successive convex approximation (P)
Set feasible initial starting point Ẽ
while Ẽ do not converge do
Ẽ

prev
= Ẽ

Replace f(Ẽ) with F (Ẽ | Ẽprev
)

Solve the relaxed problem
end while
Output: Ẽ

V. COMPUTATIONAL COMPLEXITY ANALYSIS

In this section, we analyze the computational complexities of
centralized and distributed WDAoSA schemes.

A. Complexity Analysis of Centralized WDAoSA Scheme

The centralized wideband beamforming optimization in Al-
gorithm 1 consists of three major steps: 1) auxiliary variables
(i.e., γ and ν) optimization via (27) and (28); 2) subarray
connection vector (i.e., π) optimization via RLA; and 3) TTD
time delay and PS phase shift vectors (i.e., τ and θ) optimization
via RCG method. First, in the optimization step for γ and ν,
the computational complexity of conducting (27) and (28) is
O(NS). Second, in the optimization step forπ, the optimization
problem is formulated as an SOCP (see (43)), which is solved
by using the interior-point method. It has been shown that
the computational complexity of the interior-point method for
solving the SOCP problem withNvar variables is approximately
O((Nvar)

3.5) [56]. Thus, the computational complexity of RLA
is O((TL)3.5). Lastly, in the optimization step for τ and θ,
one can see that all operations of the RCG method are vector
and matrix multiplication operations. Thus, the computational
complexity of the RCG method is O(STN2). In conclusion, the
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TABLE I
COMPUTATIONAL COMPLEXITY COMPARISON

overall computational complexity of the centralized WDAoSA
scheme is O(STN2 + (TL)3.5).

B. Complexity Analysis of Distributed WDAoSA Scheme

The distributed wideband beamforming optimization in Al-
gorithm 2 consists of three major steps: 1) π optimization via
SCA; 2) τ optimization via RCG method; and 3) {θNt

}Tt=1

optimizations via RCG method. Note that in this algorithm,
the optimization variables are updated by the closed-form so-
lutions. First, in the optimization step for π, the computa-
tional complexity of vector multiplication is O(NS). Second,
in the optimization step for τ , the computational complexity
of RCG method is O(T 2S). Finally, in the optimization step
for each θNt

, the computational complexity of RCG method
is approximately O(P 2S) where P = N

T . In conclusion, the
overall computational complexity of the distributed WDAoSA
scheme is O(SN + S(T 2 + P 2)). Note that while the compu-
tational complexity of the centralized approach scales with N2,
that of the distributed approach scales with N , meaning that
the distributed approach can effectively reduce computational
complexity in ELAA systems. In Table I, we compare the
computational complexity of the WDAoSA with that of the
conventional partially-connected beamforming schemes.

VI. NUMERICAL RESULTS

In this section, we present numerical results to validate the
effectiveness of the proposed WDAoSA scheme for both cen-
tralized and distributed approaches.

A. Simulation Setup

In our simulations, we consider the wideband THz ELAA
systems where a BS equipped with N = 64× 4 URA antennas
serves a single-antenna UE by generating frequency-dependent
beams {ws}Ss=1 directed towards the UE position pue. We
consider the 3D coordinate system where the BS antenna ar-
ray is located at the XY-plane. The UE is located randomly
around the BS within the cell radius of R = 20m. Addition-
ally, the scatterers are randomly distributed around the UE.
We set the numbers of TTDs and PS subarrays to T = 4 and
L = 64, respectively. The time delays and phase shifts of the
TTDs and PSs can vary continuously within the ranges [0, N2fc )
for the TTDs and [0, 2π) for the PSs, respectively [32], [37].
Note that the number of PSs is the same as the number of
antennas N , so each PS subarray consists of K = N

L = 4 PSs.
We use the frequency-selective geometric THz channel model

Fig. 2. Array gain as a function of the angle.

where the carrier frequency is fc = 100GHz, the bandwidth
is B = 20GHz, and the number of subcarriers is S = 128.
These frequency-domain system parameters are chosen to set
the frequency granularity of the proposed WDAoSA scheme.
We set the subcarrier frequencies to fs = fc − B

2 + B(s−1)
S−1 .

The number of propagation paths is Np = 4 and the path loss
and path gain are modeled as βs = ( c

4πfsr
)2e−k(fs)r and αs,i ∼

CN (0,Γi(fs)) where k(fs) and Γi(fs) are defined in [37]
and [41], respectively. Throughout the simulation, we set the
SNR to ρs =

βsNPtx

σ2 = 10 dB for all subcarriers. As perfor-
mance metrics, we use the sum of squares of array gains
Gsum = 1

N2

∑S
s=1 |aH

N (p, fs)ws|2, the sum of logarithms of

array gains Gtot =
∑S
s=1 log2(1 +

ρs
N2 |aH

N (p, fs)ws|2), and

the spectral efficiency R = 1
S

∑S
s=1 log2(1 +

Ptx
σ2 |hHs ws|2).

For comparison, we use four partially-connected beamform-
ing schemes: 1) fully-digital approximation (FDA) scheme
which optimizes τ and θ iteratively [37]; 2) dynamic-subarray
with fixed TTD (DS-FTTD) scheme which uses the dynamic
subarray architecture between TTDs and PSs with fixed TTD
time delays [38]; 3) phase-delay focusing (PDF) scheme which
controls the TTD time delays and PS phase shifts as (12) and
(13) [36]; and 4) PS-based beamforming scheme which gener-
ates the frequency-invariant beamforming vectors.

B. Simulation Results

In Fig. 2, we locate the UE at (rue, θue, φue) =
(12 m, 0.2 rad, 0.2 rad) and plot the power of the array
gain |G(w1,p)|2 = 1

N2 |aH
N (p, f1)w1|2 at the first

subcarrier as a function of the azimuth angle φ of
p = [ r sin θ cosφ r sin θ sinφ r cos θ ]T while fixing r = rue

and θ = θue. We observe that both the centralized and distributed
WDAoSA achieve an array gain of 0.7 near the UE direction
(i.e., φue = 0.2 rad). Considering that the difference between f1
and fc is almost 10GHz, this notable array gain enhancement
capability of WDAoSA is somewhat surprising. We also
observe that the beam direction of the proposed WDAoSA
scheme closely matches the UE direction, whereas the beam
direction of the conventional PDF scheme is clearly misaligned
with the UE direction. When the number of TTDs is small,
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Fig. 3. Array gain as a function of the subcarrier frequency.

Fig. 4. Sum of squares of array gains as a function of the system bandwidth.

the subcarrier beams of the conventional partially-connected
structure become similar to the PS beams and fail to focus the
beam directions on the UE. On the other hand, by utilizing the
dynamic subarray connection and optimized time delay and
phase shift control operations, WDAoSA effectively maximizes
the array gain at the UE direction, thereby mitigating the beam
squint effect.

Fig. 3 shows the power of the array gain |G(ws,p)|2 as a
function of the subcarrier frequency fs for various numbers of
antennas, while maintaining the UE position at (rue, θue, φue) =
(12m, 0.2 rad, 0.2 rad). We observe that for a relatively small
number of antennas (e.g., N = 64), the array gain degradation
caused by the beam squint effect is marginal. However, for a
larger number of antennas (e.g., N = 256), the array gains of
the conventional TTD-based beamforming schemes decrease
sharply as |fs − fc| increases. For example, when fs = 90GHz,
the FDA scheme experiences an array gain loss of nearly 70%
compared to the maximum array gain of 1. On the other hand,
the array gain loss of the centralized WDAoSA scheme is less

Fig. 5. Sum of logarithms of array gains as a function of the number of
antennas.

Fig. 6. Sum of logarithms of array gains as a function of the number of TTDs.

than 30%, meaning that it achieves more than 40% array gain
improvement over the FDA scheme. This is because WDAoSA
flexibly adjusts the connections between TTDs and PS subarrays
to reduce the discrepancy between the optimal beams and the
generated beams but the FDA scheme has no such mechanism
to improve the array gains of the subcarrier beams.

Fig. 4 shows the sum of squares of array gains Gsum as
a function of the system bandwidth B. We observe that the
proposed WDAoSA scheme achieves significant array gain
improvement over the conventional TTD-based beamforming
schemes. We also observe that the array gain improvement of
WDAoSA increases with the system bandwidth. For instance,
when B = 20GHz, the array gain improvement of distributed
WDAoSA over FDA scheme is around 24% but it rises to
35% when B = 40GHz. When the bandwidth increases, the
difference between the carrier and subcarrier also increases,
leading to a larger discrepancy between the optimal beams
and the generated beams. While WDAoSA flexibly adjusts the

Authorized licensed use limited to: MIT. Downloaded on May 31,2026 at 00:06:18 UTC from IEEE Xplore.  Restrictions apply. 



KIM AND WIN: DYNAMIC ARRAY-OF-SUBARRAYS ARCHITECTURE FOR WIDEBAND MULTI-ANTENNA SYSTEMS 853

Fig. 7. Spectral efficiency as a function of SNR.

Fig. 8. Spectral efficiency as a function of the system bandwidth.

connections between TTDs and PS subarrays to minimize this
discrepancy, FDA scheme has no such mechanism so the array
gain degradation is unavoidable.

Fig. 5 shows the sum of logarithms of array gains Gtot as a
function of the number of antennas N . We see that both the
centralized and distributed WDAoSA schemes achieve higher
array gain performance compared to the conventional TTD-
based beamforming schemes across all tested regimes. In fact,
we observe that the array gain improvement of WDAoSA in-
creases with the number of antennas. Specifically, WDAoSA
performs similar to other schemes whenN = 64, but it achieves
more than 27% improvement in array gain over the DS-FTTD
scheme when N = 512. This is because the DS-FTTD scheme
utilizes TTDs with fixed time delays, making it insufficient to
prevent the array gain degradation in ELAA systems caused
by the use of a limited number of TTDs. However, such is not
the case for WDAoSA since it optimizes not only the subarray
connections but also the TTD time delays and PS phase shifts.

Fig. 6 shows the sum of logarithms of array gains Gtot as
a function of the number of TTDs T . We observe that the
proposed WDAoSA scheme substantially enhances the array

Fig. 9. Cumulative distribution of the number of iterations required to con-
verge.

gain compared to conventional partially-connected beamform-
ing schemes. In particular, the array gain enhancement of the
WDAoSA increases as T decreases. When the number of TTDs
is small, the conventional partially-connected beamforming
schemes cannot effectively mitigate the beam squint effect,
causing a misalignment between the subcarrier beam directions
and the UE direction (see Fig. 2). This implies that in wideband
ELAA systems where the number of antennas greatly exceeds
the number of TTDs, the WDAoSA can be an effective solution
for the beamforming vector generation.

Fig. 7 shows the spectral efficiency as a function of SNR ρs.
We observe that the proposed WDAoSA scheme outperforms the
conventional partially-connected beamforming schemes. For ex-
ample, when SNR = 0 dB, the centralized WDAoSA achieves
around 14%, 16%, and 24% spectral efficiency gains over the
FDA, PDF, and PS-based beamforming schemes, respectively.
Even when compared with the DS-FTTD scheme, the spectral
efficiency gain of WDAoSA is around 10%. This notable spectral
efficiency performance of WDAoSA is attributed to two key
factors: 1) the power of mmWave and THz band signals is mostly
concentrated along the LoS path; and 2) WDAoSA generates
sharp beams that are precisely directed towards the UE.

To demonstrate the effectiveness of the proposed WDAoSA
scheme in real-world systems, the spectral efficiency perfor-
mance under various practical constraints is shown in Fig. 8.
These include the insertion losses of TTDs and switches and
the finite resolutions of TTDs and PSs. Specifically, we set
the insertion losses of switches and TTDs to 2 dB and 1 dB,
respectively, and then incorporate these losses in the spectral
efficiency calculations [57]. Additionally, the continuous values
of TTD time delays and PS phase shifts obtained from the
WDAoSA are quantized using 9-bit uniform codebooks [58].
We observe that even with these insertion losses, the WDAoSA
achieves significant spectral efficiency gain over the traditional
PS-based beamforming scheme. We also observe that while
spectral efficiency is slightly reduced due to quantization, the
overall impact remains minimal.

Fig. 9 shows the cumulative distributions of the number
of iterations needed for the convergence of WDAoSA. Note

Authorized licensed use limited to: MIT. Downloaded on May 31,2026 at 00:06:18 UTC from IEEE Xplore.  Restrictions apply. 



854 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 19, NO. 5, JULY 2025

that the inner layer of the centralized WDAoSA scheme
includes the RLA-based subarray connection vector optimiza-
tion and the RCG-based time delay/phase shift optimization (see
Algorithm 1). Also, the inner layer of the distributed WDAoSA
scheme includes the SCA-based subarray connection vector
optimization and the RCG-based time delay/phase shift opti-
mization (see Algorithm 2). We observe that both algorithms
converge within 30 iterations.

VII. CONCLUSION

In this paper, we proposed a TTD-based wideband beamform-
ing architecture called WDAoSA that dynamically reconfigures
the connections between TTDs and PS subarrays using a switch
network. While the beam misalignment and array gain degrada-
tion of subcarrier beams are unavoidable in the conventional
TTD-based beamforming schemes due to the fixed subarray
connection, such is not the case for WDAoSA since the subarray
connection as well as the TTD time delays and PS phase shifts are
deliberately optimized to maximize the array gain. Specifically,
we developed both centralized and distributed beamforming op-
timization techniques that jointly fine-tune the subarray connec-
tions, TTD time delays, and PS phase shifts. From the numerical
evaluations, we demonstrated that WDAoSA achieves more than
40% array gain improvement over the conventional TTD-based
beamforming schemes. In our work, we restricted our attention
to wideband ELAA systems, but we believe that there are many
research extensions of WDAoSA including reconfigurable intel-
ligent surfaces (RIS)-aided systems and non-terrestrial networks
(NTN).

APPENDIX

PROOF OF PROPOSITION 1

Proof: Since f1 is a concave differentiable function of ν,
νopt in (28) can be obtained by solving ∂f1

∂ν = 0S . Then, for a
given ν = νopt, f1 is expressed as

f1(π, τ ,θ,γ,ν
opt) =

S∑
s=1

log2(1 + γs)−
S∑
s=1

γs

+
S∑
s=1

(1 + γs)ρs
∣∣aH
N (p, fs)ws

∣∣2
ρs
∣∣aH
N (p, fs)ws

∣∣2 +N2
.

(108)

Similarly, f1 in (108) is a concave differentiable function of γ
so γopt in (27) can be obtained by solving ∂f1

∂γ = 0S . Finally,
by plugging νopt and γopt to f1, we get

f1(π, τ ,θ,γ
opt,νopt) =

S∑
s=1

log2

(
1 +

ρs
N2

∣∣aH
N (p, fs)ws

∣∣2) .
(109)

Thus, P0 and P1 are equivalent in the sense that their optimal
values are the same and (π, τ ,θ) is the optimal solution of P0

if and only if it is the optimal solution of P1.
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